Summary.
-Introduction
The longitudinal phase space of an electron bunch in a storage ring is usually described by the bunch length c, and the energy spread cr,. The equilibrium values of these quantities are determined by a balance of damping and quantum excitation stemming from the emission of synchrotron radiation. However, the presence of longitudinal wake fields lead to a correlationbetween energy and position in the bunch, because the trailing particles loose energy due to the wake field the leading particles produce.
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In order to set up a self-consistent simulation of the coupled system of oscillator FEL and storage ring, an extension of the theory of FEL supermodes to encompass electron bunches with energy-position correlation is needed.
This extension is presented in this paper. The description of the full coupled system and the simulation results are the subject of a forthcoming paper.
This paper is organized as follows. First, after a brief overview over the nature of the oscillator FEL process we will set up an eigenvalue equation that describes the spatial profiles of the supermodes. The next section is devoted to the solution of this equation employing a new technique using an ansatz of a distorted harmonic oscillator eigenfunctions and solving for a set of coefficients. In the final section physically relevant quantities, such as the gain, the length of the light pulse and the bandwidth are calculated. The proof of the biorthogonality of the supermodes with correlation is deferred to the appendix.
-The Eigenvalue Equation
In a FEL a bunched electron beam is passed through an undulator magnet which forces the electrons on a transversely sinusoidal path. In this way they can exchange energy with the fields of a copropagating electromagnetic wave. In an amplifier configuration this wave is externally provided, typically by a laser. In an oscillator configuration the spontaneously emitted synchrotron radiation in the undulator is fed back by mirrors. Thus it can interact with subsequent electron bunches or with the same bunch in a circular accelerator.
The optical resonator admits a large number of longitudinal modes. Their spacing is determined by the distance between the mirrors, typically of a few meters, leading to a frequency spacing of a few 10's of MHz. The FEL process couples the modes by an active mode locking mechanism and the modes interfere in such a way as to create light pulses that bounce between the mirrors. These light pulses are usually called Supermodes. Here 0 describes the detuning between the cavity round trip time and the recurrence time of the electron bunches and go is the gain coefficient (here written for a helical wiggler). The other symbols are explained in Table 1 .
f (20, E) is the gaussian electron distribution function. It can be parametrized by its correlation matrix aij with i and j being .z or E and can be written as
.-with det g = 0,2a,2 -a&. Here aE is the relative energy spread, gZ is the bunch length and a,, describes the correlation between energy and position in the bunch. ~0 describes the relative energy offset between the resonance energy of the FEL and the electron energy.
In order to simplify this integro-differential equation we follow the strategy outlined in ref. [2] and note that the gaussian integral over E can be done immediately.
Assuming that the light pulse is only situated around the peak of the electron distribution, because the gain is maximum there, we can expand the integrand of the zo-integral in zo/a, and then evaluate the zo-integral. Upon expanding the electric field up to second order in the small quantity y = xA and keeping only terms up to second order in pC = A/a, and Z/B, we can rewrite eq. (1) G&o,PD) = -
where w(z) is the complex error function [3] . Note that all functions Gi can be expressed in terms of complex error functions and derivatives thereof.
This makes their numerical evaluation very fast. We have introduced the adimensional detuning ~0 = 47rNeo.
The results given in eq. (4) lator. The eigenfunctions of a harmonic oscillator are known to be gaussians with Hermite polynomials as forefactors [3] . Therefore, we use the ansatz (6) q&&q = H, (u(Z + b)) e-c(i+d)2 . -
We substitute this ansatz in eq. (4), and use the following relations among the Hermite polynomials in order to express derivatives and powers of Hermite polynomials by sums of Hermite polynomials.
where dots denote differentiation with respect to 2. Finally, we compare coefficients before the Hermite polynomials to obtain a coupled set of equationsfor the unknowns a, b, c, d, A,. The solution of this set of equations leads after some tedious algebra to the result [4] pcGz -2i7rp.,O + 2dm
Here The dependence of the growth rate on the index n is weak, because n enters only to order pC in A,.
The maximum growth rate can be found analytically by differentiating the last of equations 8 with respect to 0. For the maximum we obtain simulation of the coupled system of FEL and storage ring the effect of the light pulse on the electron bunch has to be investigated. This undertaking _ will be the topic of a forthcoming paper.
In ref. [5] it was shown that the eigenfunctions of a "Hamilton" operator similar to the right hand side of eq. (4) are orthogonal to those of the adjoint operator Ht and thus form a biorthogonal set. We will complement the above analysis and prove in the appendix that this is still true for the general case given by eq. (4). 
Appendix:
Supermode Biorthogonality
In this appendix we will investigate the mathematical properties of the Hamiltonian for the supermodes, defined by the right-hand side of eq. (4) more closely. To exhibit its group-theoretical properties it can be written as -- 
